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SUMMARY 


The equation for the equilibrium of cylindrical 
shells introduced by Donnell in NACA Report No. 479 to 
* the critical stresses of cylinders in torsion is 
applied to find critical stresses for cylinders with 
simply supported edges under other loading conditions, 
it is shown tnnt by ohi3 method solutions may be obtained 
very easily and the results in each case may be expressed 
In terms of two nondimens ional parameters, one dependent 
on the critical stress and the other essential^ deter- 
mined by the geometry of the cylinder. The influence of 
boundary conditions related to edge displacements In the 
shell ^median surface is discussed. The accuracy of the 
solutions found is established by comparing them with 
previous theoretical solutions and with test results. 

The solutions to a number of problems concerned with 
buckling of cylinders with simply supported edges on the 
basis of a unified viewpoint are presented in a convenient 
form lor practical use. 


INTRODUCTION 


The recent emphasis on aircraft designed for very 
high speed has resulted in a trend toward thicker skin 
and fewer stiffening elements. As a result of this 
trend a larger fraction of tho load Is being carried by 
the skin and thus ability to predict accurately the 
behavior of the skin under load has become more imnor- 
* Acco:r di n gly, it was considered desirable to" pro- 
vide the designer with more information on the buckling 
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of curved sheet than has been available in the past. In 
carrying out a theoretical research program for this pur- 
pose, a method of analysis was developed which is believed 
to be simpler to apply than those generally appearing in 
the literature. The specific problems solved as a part 
of this research program are treated in detail in other 
papers. The purpose of the present investigation, which is 
discussed in two papersjis to present the method cf analysis 
that was developed to solve these problems. In the present 
paper the method Is briefly outlined and applied to a number 
of the simpler problems in the buckling of" cylindrical 
shells. In reference 1 the method is generalized for 
application to more complicated problems. 


TKEORET IC AL BAG -(GROUND 


In most theoretical treatments of the buckling of 
cylindrical shells (see references 2 to 4) three simul- 
taneous partial differential equations have been used to 
express the relationship between the components of shell 
median-surface displacement u, v, and w in the 
axial, circumferential, and radial directions, respec- 
tively. No general agreement has been reached, however, 
on just what these equations should be. In 1934 Donnell 
(reference 5) pointed out that the differences in the 
various sets of equations arose from the Inclusion or 
omission of a number of relatively unimportant terms 
(referred to In the present paper as higher-order terms) , 
and proposed the use of simpler equations In which only 
the most essential terms (first-order terms) were retained. 
The omitted terms were shown to be small, and thus the 
simplified equations to be applicable, if the cylinders 
have thin walls and if the square of the number of cir- 
cumferential waves is large compared with unity. Donnell 
further showed that the three simplified equations can 
be transformed into a single eighth-order partial dif- 
ferential equation in w (see appendix A of the nresent 
paper) in which the effects of the displacements u 
and v ere properly taken into account; this equation 
will hereinafter be referred to as Donnell's equation. 

When higher-order terms are included in the three 
partial differential equations previously mentioned, the 
resulting theoretical buckling stresses are usually very 
complicated functions of the cylinder dimensions and the 
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elastic properties of the material. A family of curves 
is ordinarily drawn giving the critical stress as a 
function of the length-diameter ratio for specified 
values of the radius- thickness ratio and for given 
elastic properties (references 3 , 4 , and 6 ). "men the 
higher-order terms are omitted from the equations and 
the requirement of an integral number of circumferential 
waves is removed, new parameters can be introduced which 
combine the cylinder dimensions and material properties 
in such a way that the results can be given in terms of 
a single curve. These parameters have been used, with 
slight variations in detail, by Donnell, Krornm, Leggett, 
and Redshaw (references 5 and 7 to 10). The omission of 
the higher-order terms also greatly simplifies the cal- 
culations, and the calculations are simplest if Donnell’s 
equation, rather than the set of three simultaneous equa- 
tions, is employed. Donnell's equation, or an equivalent 
equation>may therefore be presumed to be the most prom- 
ising for use in solving hitherto unsolved problems in 
the stability of cylindrical shells. 

In spite of the fact that it was introduced some 
time ago, Donnell’s equation has not achieved the wide 
acceptance for use in the stability analysis of cylin- 
drical shells which it appears to merit. Some investi- 
gators have continued to use simultaneous differential 
equations in which higher-order terms appear, presumably 
on the assumption that the errors arising from neglect 
of these terms might be undesirably large. Others have 
dropped second-order terms but have continued to employ 
simultaneous equations, probably in order to specify 
directly edge-restraint conditions having to do with 
displacements in the axial and circumferential directions, 
which cannot be done with Donnell's equation. 

The purposes of the present paper are to establish 
the accuracy of the equation by comparing the results 
found by the use of Donnell's equation with the results 
found by other methods and with experimental results and 
to investigate the question of boundary conditions on u 
and v. The additional purpose is achieved of presenting 
the solutions of a number of problems concerned with 
buckling of cylinders with simply supported edges on the 
basis of a unified viewpoint and in a convenient form 
for practical use. In reference 1 Donnell's equation is 
modified to facilitate solution of problems concerned 
with shells having damped edges. 
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SYMBOLS 


length of curved panel 
width of curved panel 
diameter of cylinder 
integers 

lateral pressure 

radius of cylindrical shell 

thickness of cylindrical shell 

displacement in axial (x-) direction of point 
on shell median surface 

displacement in circumferential (y-) direction 
of point on shell median surface 

displacement in radial direction of point on 
shell median surface; positive outward 

axial coordinate 

circumferential coordinate 


hnn » 


numerical coefficients 
shear-stress coefficient 

-r 4-^2 


'^rtL 2 


for cylinder or 


for infinitely long curved strip 


axial compressive-stress coefficient 

,-r + 1 - 2 . 


for cylinder or 


curved strip 


a-tb 


c x thZ 


for infinitely lonr 


circumferential compressive-stress coefficient 

( / 'o r XT? Oytb 2 

( — for cylinder or for infinitely 


long curved strip 
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w„ 


D 


E 

P 


L 

Z 


P 

X 




T) 

N 

T 


hydro static -pres sure coefficient 



amplitude of deflection function 

plate flexural stiffness per unit length 



Young’s modulus 

Airy’s stress function for the median surface 
stresses produced by the buckle deformation 

length of cylinder 


curvature parameter 



or — \/l - \i c 
rt 1 


for infinitely 


for cylinder 
long curved 


strip j 

L/X for cylinder or bA for infinitely long 
curved strip 


half wave length of buckles; measured circumfer- 
entially in cylinders and axially in infinitely 
long curved strips 

dimensionless axial coordinate (x/b) 
dimensionless circumferential coordinate (y/b) 


Poisson’s ratio 


applied shear stress 

applied axial stress, positive for compression 


applied circumferential stress, positive for 
compression 
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Lateral pressure .- The theory for the lateral pres- 
sure '(uniform external pressure applied to walls only) 
at which a cylinder will buckle is given in appendix B 
in which it is assumed that the lateral pressure causes 
the buckling by producing a circumf erontial stress a„ 

and that it affects the buckling in no other way. The 
results are shown in a logarithmic plot in figure 1. The 
ordinate in this figure is the stress coefficient ky 

which appears in the flat-plate buckling equation (see, 
for example, reference i|., p. 339) 
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(The discussion given in the section of the present paper 
entitled "Parameters Appearing in Buckling Curves" shows 
the relationship Between a cylinder of length L and an 
infinitely long flat plate of width b = L.) The abscissa 



may be regarded either as a measure of the curvature, or, 
for any given ratio of radius to thickness, as a measure 
of the length-radius ratio of the cylinder. Figure 1 
shows that for small curvature ky approaches the value i|, 

which applies in the case of simply supported long flat 
plates in longitudinal compression (reference ]+, p. 327). 

As the curvature parameter Z increases, the stress coef- 
ficient ky also increases. For large values of Z, 
the curve approaches a straight line of slope l/2. This 
straight line is expressed by the formula 


ky = l.OijZ 


1/2 


As the length-radius ratio increases, for a given 
value of r/t, the number of circumferential waves n 
diminishes. Although n must be an integer, the curves 
of figure 1 were obtained on the assumption that n is 
free to vary continuously. Only small conservative 
errors are involved in this assumption. Because n = 1 
corresponds merely to a lateral displacement of the entire 
circular cross section, the minimum value of n is 2, 
which corresponds to deformation of the section into an 
ellipse. This limitation on n results in splitting 
the curve of figure 1 into a number of curves for dif- 
ferent values of r/t when Z becomes large. Thick- 
. walled cylinders may reach n = 2 at moderate lengths, 
but thin-walled cylinders reach n = 2 only when much 
longer than they are likely to be in practical construc- 
tion. 


In figure 2 the curve of figure 1 is compared with 
results based on more complicated calculations given in 
reference [(. and in reference 6. At fairly large values 
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of Z the results given in reference ij. and in refer- 
ence 6 are in good agreement with the results of the 
present paper. At small values of Z the curve based 
on reference 4 (Timoshenko) is definitely too low, 
because ky should approach the flat-plate value of ip 
as Z approaches zero. An interesting feature of the 
comparison is that one calculation gives results below, 
and the other calculation results above, those given 
herein. The test data, taken from reference 6, are in 
reasonable agreement with and show more scatter than the 
theoretical curves. 


In the case of cylinders so long that n = 2, the 
requirement for the validity of Donnell's equation 

that n“ » l is no longer satisfied and appreciable 
error is to be expected. Indeed it may be shown that for 
very long cylinders when n = 2 Donnell's equation 

gives Ip D/P as the critical value of the applied 
lateral nressure, whereas the accepted theoretical result 


is 3D/r^ (by use 
reference Ip) . The 
often be needed, however. 


© 2 > m 


corresponds 
needed, the 


of the formula given on p. 450 of 
curves for n = 2 will probably not 
since they apply only when 

which in the 
very large 
curves for n = 2 


> 

to 


case oI 
length- radius 


can 


junction with a correction factor 0.7b 


thin cylinders 

ratio, and if 
be applied in con- 


Axlal compression .- The theory for the axial stress 
at which a cylinder will buckle is given in appendix B, 
and the results are shown in figure 3. The ordinate is 
analogous to, and the abscissa identical with, the corre- 
sponding coordinates used in figure 1. Figure 3 shows 
that for small values of Z, k x approaches the value 1, 
which applies in the case of long flat plates In trans- 
verse compression with long edges simply supported 
(reference ip). For large values of Z, the curve 
becomes a straight line of slope 1. This straight line 
is expressed by the formula 


h ft 

k* = ^—^Z - C.702Z 
A P 
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For any fixed value of r/t some value of Z always 
exists above which L/r is so large that the cylinder 
fails as an Euler strut rather than by buckling of the 
cylinder walls. Pin-ended Euler buckling of cylinders 
is indicated in. figure 3 by means of dashed curves. 

The result just given for the critical-stress coef- 
ficient for a cylinder in axial compression leads to the 
following expression for the critical stress: 



( 1 ) 


The value given in equation (1) for the critical stress 
of a moderately long cylinder in axial compression by 
use of Donnell’s equation is identical with the value 
found by a number of investigators using other equations 
as . starting points (references 2 to k) • In the case of 
cylinders under axial compression the errors involved 
in dropping the second-order terms are therefore con- 
cluded to be small. 

The buckling stresses given by equation (1) are 
nevertheless in serious disagreement with the buckling 
stresses obtained by experiment (reference 11). For a 
discussion of the degree of correlation that can be found 
between theory and experiment for cylinders under axial 
compression, see reference 12. 

Hydrostatic pressure on closed cylinders . - When 
closed cylinders are subjected to external pressure, both 
axial and circumferential stress are present. The theory 
for buckling under these combined loads is given in 
appendix B. The results are shown in figure k* The 
ordinate Cp used in this figure is a nondimens ional 

measure of the pressure p defined as follows: 


C 


P 


prL^ 
r r 2 D 
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The coefficient Cp can be directly related to the 
corresponding stress coefficients k x and ky. By 
definition 


k 


y 


o y tL 2 

rr 2 D 


and, according to the hoop- stress formula. 


a 


y 


pr 

t 


It follows from the three preceding equations that C p 
is numerically equal to ky. Similarly G p can be shown 
to be numerically equal to 2k x . 

At low values of Z, C p approaches the value 2, 
which implies that k x =1 and ky = 2. That these 
values of k represent a critical combination of stresses 
for an Infinitely long flat plate was shown in refer- 
ence 13. At large values of Z, the curve approaches 
the curve given in figure 1 for buckling under lateral 
pressure alone and, like that curve, has branches 
representing buckling into two circumferential waves. 

In figure 5 the computed values of the pressure 
coefficient Cp at which the cylinder would buckle if 
only the axial pressure were acting and if only lateral 
pressure were acting are compared with the results when 
both are acting because of hydros tatic pressure. At 
large values of Z the circumferential stress at which 
buckling occurs under hydrostatic pressure is substan- 
tially the same as it would be if no axial stress were 
present, as In the case of lateral pressure. The reason 
that the circumferential stress appears as the main factor 
in buckling at high values of Z presumably is that at 
these values of Z the axial stress required to produce 
buckling is many times the circumferential stress required, 
whereas under hydrostatic pressure the axial stress 
actually present is only one-half the circumferential 
stress . 
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In figure 6 the curve of figure 1; is compared with 
curves representing Sturm's theoretical results (refer- 
ence 6 ) and with a curve based on the following formula 
developed at the U. S. Experimental Model Basin (refer- 
ence lii, equation ( 9 )): 



This formula i3 an anproximation based on theoretical 
results obtained by von Mises (reference [(., p. 479) which 
are identical with the results In the present paper for 
buckling under hydrostatic pressure. Figure 6 shows that 
Sturm's theoretical results (reference 6) are in reasonaole 
agreement with those of the present paper and that the 
formula from the II. S. Exoerimental Model Basin practi- 
cally coincides with the present results except at very 
low values of 2. 

Test results from references 6 and lip are included 
in figure 6. The test data are in good agreement with 
the theoretical results except at low values of the 
curvature parameter Z at which the theoretical results 
are appreciably^ above those obtained experimentally. A 
possible explanation of the discrepancy between the 
theoretical and experimental results at, low curvature is 
suggested by the relative importance of axial and circum- 
ferential stress in causing buckling. The axial stress 
becomes important only at low values of the curvature 
parameter Z. It is known experimentally that buckling 
under axial stresses may occur far below the theoretical 
value of the critical stress. At low values of Z 
cylinders under hydrostatic pressure may therefore be 
expected, to buckle well below the theoretical critical 
load just as cylinders go under axial compression . 

Torsion.- The problem of the determination of the 
buckling stresses of cylinders in torsion was solved by 
Donnell (reference 5) who gave an approximate solution 
of the equation of equilibrium, a somewhat more accurate 
solution of this equation is given in reference 15 . The 
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essential results are shown in figure 7 taken from refer- 
ence 15 . At low values of 2 the buckling-stress coeffi- 
cient k s aporoaches the value 5*34 appropriate to 
infinitely long flat places loaded in shear (reference l6) 
At higher values of 2 the curve approaches a straight 
line given hy 


k s 


0.S5Z 


3/4 


At very high values of the curvature parameter the curve 
splits up Into a number of other curves, depending on the 
value of r/t. The curves for various r/t values at 
high values of Z represent buckling into two circum- 
ferential waves. As mentioned before, Donnell's equation 
is not reliable for the case n = 2 (a case which occurs 

/r\2 r \ 

for cylinders in torsion when l — -J > 10— J. A solution. 

for this case given by Schwerin and discussed in refer- 
ence S results in critical stresses about 20 percent 
below those of the present paper. Because Schwerin's 
solution does not satisfy the condition w = 0 at the 
end of the cylinder, however, it is probable that the 
error in the present solution for n = 2 is less than • • 
20 percent. 

In experimental investigations of ■ cylinders in 
torsion the maximum rather than the critical loads have 
usually been reported. Because these -maximum loads 
usually exceed the critical load3 by only a small margin, 
it is common practice to. check theoretical buckling 
stresses by comparison with the average stresses at 
maximum, load. Such a comparison is provided in figure C 
which incorporates test data from references 5 , 11, 17 , 
and 18. For this figure the test results average about 
15 percent below those given by theory. 


DISCUSSION 


Parameters appearing in buckling curves . - The fact 
that the buckling of a cylinder under axial compression, 
lateral pressure, hydrostatic pressure, or torsion 
involves’ substantially the same parameters is not a mere 
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coincidence but is a direct consequence of the differential 
equation. The differential equation implies that when the 
requirement of an integral number of circumferential waves 
is removed the six variables L, r, t, E, p , and the 
load may be combined into two nondimensional parameters, 
one (k x , k y , k 3 , or C p ) describing the stress condi- 
tion, and the other (Z) essentially determined by the 
geometry. (See appendix C.) It is also shown in appendix C 
that the buckling of a curved rectangular plate of any 
given length-width ratio may be represented in terms of 
these parameters. The critical stress of a cylinder or 
a curved plate of given length-width ratio may therefore 
be given by a single curve relating the two parameters 
provided that the number of circuinf erential waves may be 
regarded as continuously variable. This restriction 
becomes important at very large values of Z, for which 
the curves' may split into a number of curves for cylinders 
of different values of r/t buckling into two circum- 
ferential waves. 

Except for hydrostatic pressure, each type of loading 
considered results in a single uniform stress in the 
cylinder, and the nondimensional Tetrameter k describing 
this stress is defined as follows in analogy to the 
parameter used in describing the buckling of a flat plate: 


q (or t ) 
tt 2 D 
L 2 t 


As the radius of the cylinder increases toward infinity 
(the other dimensions remaining constant), the cylinder 
approaches an infinitely long flat plate of the same 
thickness as the cylinder, having a width b equal to 
the length L of the cylinder. Accordingly, as the 
radius approaches infinity, the critical-stress coef- 
ficient k for the cylinder approaches the value of the 
corresponding stress coefficient for an infinitely long 
flat plate under the appropriate loading condition. 

The other nondimensional parameter Z is defined 
by the equation 
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t 2 I 

Z = — til - 
rt * 


* a " 1 ^ 


If the small correction due to Poisson's ratio is 
neglected, a direct physical significance can he assigned 
to Z when its magnitude is small. The maximum distance 
from a slightly curved arc of length L and radius r 
to its chord can be shown to be given by the expres- 

sion L /8r , which is called the !! bulge n by some writers 
(see references 9 an d 10). Accordingly, in the case of 
a curved strip of length L in the circumferential direc- 

tion, L 2 /8rt is the bulge divided by the thickness and 
is thus a nohdimensional measure of the deviation from 
flatness of the strip. As apolied to a short cylinder, 

N /8rt is tne deviation from flatness of a square panel 
of the cylinder, each side of which is equal to the length 
of the cylinder. For cylinders having a length greater 
than a few tenths of the diameter, the parameter Z 
loses this simple physical significance" and is perhaps 
best regarded as a nondimensional measure of the length 
of the cylinder. Some indication of the variety of 
cylinder shapes corresponding to a fixed value of Z 
is given in figure 9 . 

Boundary conditions .- When problems in the stability 
of cylindrical shells are solved by the use of Donnell's 
equation, boundary conditions on u and v cannot be 
imposed directly because only w appears in the equa- 
tions. The' method of solution, however, may in some cases 
imply boundary conditions on u or v. in appendix D 
it is shown that for simply supported cylinders the method 
used in the present paper (a solution using one or more 
terms of a Fourier series satisfying the boundary condi- 
tions on w term by term) implies that at both ends of 
the cylinder the circumferential displacement v is 
zero, but that the cylinder edges are free to warp in 
the axial direction (u ^ 0). For a simoly supported 
rectangular curved panel, the present method Implies 
(with regard to displacements within the panel median 
surface) zero displacement along the four edges of the 
panel and free warping normal to the edges. These edge 
conditions on u and v are appropriate to cylinders 
or panels bounded by light bulkheads or deep stiffeners 
which are stiff in their own planes but may be readily 
warped out of their planes. 
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Relatively few calculations of the stability of a 
cylinder take into account the boundary conditions on u 
and v. A calculation for the case of torsion, however, 
was recently made by Leggett (reference 19) . The results 
of this calculation, computed for u = v = 0 at the 
edges of the cylinder, are given only for Z < 50. 

Throughout the range for which they are given, however, 
they agree very closely with the results found by the 
method employed In the present paper, which implies that 
at the edge of the cylinder v ~ 0 and u / 0. Restraining 
the ends of the cylinder from warping in the axial direc- 
tion may therefore be assumed to have a negligible effect 
upon the buckling stress. Thi3 assumption receives 
added support from the form of the equation of equilibrium 
given In appendix A 


D7% + p + t f n 


d 2 w 

„ d^w 

d 2 w 

d 2 P l\ 


+ 2t + 

o “ — + 

— | — 

dx 2 

dx dy 


dx 2 V 


c y T 

are the 

stresses 


, d 2 P 

present just before buckling and — is the circum- 

dx 2 

ferential stress produced by the buckling itself. The 
equation indicates that the only difference between the 
buckling behavior of a cylindrical sheet and that of a 
flat plate (found by omitting the last term In the fore- 
going equation) is due to the effect of the circum- 
ferential stresses caused by the buckling deformations. 
Because the restraint against warping in the axial direc- 
tion requires the application of axial rather than circum- 
ferential stresses, this restraint might be expected to 
have only small effects on buckling stresses. Circum- 
ferential stresses would have to be applied to tho 
straight sides of a curved strip to prevent warping normal 
to these edges during buckling. Because the circum- 
ferential stress due to buckling appears explicitly in 
the equation of equilibrium, the imposition of the 
restraint v = 0 to tho straight sides of a panel should 
have an appreciable effect on the buckling stress (except 
wh en the straight sides of the panel are short compared 
with the curved sides) . 


Theoretical results on the buckling of curved strips 
infinitely long in the axial direction are available to 
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test the foregoing conclusion. In figure 10 the critical 
axial compressive stress for an infinitely long curved 
strip with u and v both zero along the edges (refer- 
ence 9 ) is compared with the critical axial compressive 
stress when u is zero along the edges, and the edges 
are free to warp in the circumferential direction. (See 
appendix B for solution.) The critical axial stress is 
appreciably increased by the constraint v = 0 in a 
certain range of small curvature . in figure 11 the 
critical shear stresses are compared under the same sets 
of edge conditions (references 7 and 8). The critical 
shear stress is conspicuously Increased by the con- 
straint v = 0 except near the limiting case of flat 
plates . 

It appears from the foregoing discussion that the 
effect on the buckling stresses of preventing free warping 
normal to the curved edges of a cylinder or panel is very 
small but that the effect on the buckling stresses of a 
similar restraint on the straight edges of a panel may 
be quite important. 

Simplicity of results .- The theoretical results 
based on Donnell’s equation for the critical stresses of 
cylinders under a given loading condition appear par- 
ticularly simple when presented as a logarithmic plot of 
bu ax ling coefficient k against the curvature parameter Z. 
As r approaches infinity, and therefore as Z approaches 
zero, k approaches the value appropriate to a flat 
plate. At large values of Z the curve approached a 
straight line in each of the cases investigated. These 
straight lines had slopes O.p, 0.75* and 1 and are given 
approximately by the following equations which have 
already been given In the present paper and are reassembled 
here and provided with upper and lower limits for easy 
reference: 

~ f 2 

k y = 1-Olj.Z 100 < Z < 5 C 1 " ^ 2 ) 


k 3 - 0 . 85 Z 3// ^ 50 < z < 0- - k 2 ) 


!<x - 0.702z 3 < Z < 6 (l - 
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These equations can also be written (when u. is taken 
to be O.316) 



C OKC LUDI NG REMARKS 


The use of Donnell's equation to find the buckling 
stresses of cylindrical shells leads to simpler results 
and involves less labor than the use of equations in 
which second-order terms are retained. The buckling 
stresses found by use of Donnell's equation are in 
reasonable agreement with results based on other theo- 
retical calculations. Exceot for the case of axial 
loading, they are also in reasonable agreement with test 
results. 

Boundary conditions having to do with axial and 
circumferential disolacements cannot be handled directly 
by use of Donnell's equation. This disadvantage is not 
considered serious, however, because the boundary condi- 
tions on axial and circumferential displacement, which 
are implied by the simple solutions given, correspond 
approximately to those that are most likely to occur in 
practical construction and because in many cases the 
buckling stress is not very sensitive to these boundary 
conditions. 


Langley Memorial Aeronautical Laboratory 

National Advisory Committee for Aeronautics 
Langley Field, Va. , March 20, lOl;? 



18 


NACA TN No. Ijiil 


APPENDIX A 

SIMPLIFIED EQUATIONS OF EQUILIBRIUM FOR 
CYLINDRICAL SHELLS 


The principal sets of simplified equations currently 
in use for the equilibrium of CAriindrlcal shells are 
listed for convenient reference. The various sets of 
equations are equivalent. The reference papers in which 
the equations are derived are also listed. The equations 
given are generally not identical with those in the refer- 
ence papers but are modified in certain respects to 
include all the loading conditions studied In the present 
paper or to put them in the notation of the present paper. 

The three following simultaneous equations in dis- 
placements u, v, and w (reference is) are derived from 
the conditions of static equilibrium; 


6 ‘ui 
dx^ 


1 - 


is d 2 u , 1 + 


dy 2 


1 i 


d 2 . 


ox dy 
d 2 u 


+ = 0 
r dx 


o 2 v + 1 - p d 2 v I + (j, 6 

c y 2 2 dx 2 2 bx by r dy 


+ - o 


(Al) 


(A2) 


E i/ 

DV^v + 


r(l - h 2 ) 


("■: ■ .00 . r\ 

\dy Ox r J 


, b^v d 2 w 

+ tfa + 2 t 

’/ \ ' dx 2 ox dy 


b^v\ 

° Y d y 2 / 


+ p= o 
(A3) 


Two simultaneous equations in deflection w and stress 
function F (reference 7) are as follows; 


DV 


^-w + 


f 


d 2 W 

dx^ 


+ 2t 


t E 

v^f + — 

d2 w = Q 

(All) 

r 

dx 2 

d 2 w 

d 1 d 2 F \ 

(A5) 

_ _ j 

dx d y y 

dy 2 + r dx 2 / + J “ ° 
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A single equation in deflection w (Donnell's equation, 
reference 5 ) is 


DV^w 


Et 

r 2 


6xh 



o^w d^vf\ _ 

+ a ) + v = 0 

dx dy ^ 677 


(A 6 ) 


The relationships between u and w and between v 
and w are (reference 5) 



d^w d 5 w 

+ 

dx^ dx dy 2 


(AT) 



d3w 

(2 + p) — 

dx^ dy 


d^v/ 

dy3 


(A3) 
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APPENDIX B 


THEORETICAL SOLUTIONS 


Donnell’s equation for the equilibrium. of cylindrical 

shells is used to investigate the stability of simply 
supported cylinders subject to lateral pressure, axial 
compression, and hydrostatic pressure, and of simply 
supported curved strips long in the axial direction 
subject to axial compression. 


Cylinder under Lateral Pressure 


If bending of the cylinder wall is neglected, 
constant lateral pressure on a cylinder causes only 
circu~f erential stresses. Donnell’s equation (equa- 
tion (A6) ) then reduces to 


)V& 


Dv w + 


r c 


d^W I, d 2 w 

r + o„tvH = 0 

d X U J dy 2 


( 31 ) 


where 


- 21 

°y~ t 

and p is the Dressure applied. (The term V^p appearing 
in equation (A6) is zero when p is constant.) Division 
of equation (Bl) by D results, with proper substitutions, 
in the following equation: 


V^w 


12 Z 2 d^w + ^ 

ri+ d x 4 7 



d 2 ™ 

= 0 

dy 2 


( B2 ) 


The boundary conditions corresponding to simply supported 
edges (no deflection and no moment along the edges) are 
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w(0, y) = w( L, y) = 0 


6 2 w 

dx 2 


( 0 , 


y) 


d 2 w 

6x 2 


(L, y) 


0 


A solution of equation (B 2 ) satisfying the boundary condi- 
tions for simple suoport is 


w 


Vir 



sin 


mirx 



(B3) 


where X is the half wave length in the circumferential 
direction. Combining equation (B 3 ) ana equation (B 2 ) 
yields the following equation: 


(m 2 + p 2 ) 4 + - k y B 2 (m 2 + (3 2 ) 2 = 0 

tA 


(Bk) 


The solution of equation (Bk) for k v is 


(m 2 + p 2 ) 2 12 Z 2 !^ 


k = + 

y P 2 


■rAp 2 (m 2 + p 2 ) 2 


(B5) 


where 


P = 


L 

X 


The critical value for ky is found by minimizing the 

right-hand side of equation (B 5 ) with i-espect to ro 
and B. If the numerator and denominator of the last 

i. 

term in equation (Bp) are divided by m u , it becomes 
evident that under the restriction of integral values 
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of in, ky will be a minimum when m = 1. Equation (B5) 
therefore^ be comes 


(1 + p 2 ) 2 12Z 2 

P 2 Tf+p 2 (l + p2) 2 


(b6) 


The results found by minimizing this expression for ky 
with respect to p (considered continuously variable) 
is shown in figure 1 by the curve independent of r/t. 

At low values of Z, buckling is characterized by 
a large number of circumferential waves. As Z increases, 
the number of circumferential waves decreases until it 

( TTr\ 

\ = — J, corresponding to buckling 

into an elliptical cross section. The curves for buckling 
into two circumf erential waves are shown in figure 1 as 

the curves for various values of — )jl- p 2 • The equa- 

tions for these curves are found by substituting in equa- 
tion (B5) the last of the following expressions for p: 


P = 



2L 

rrr 


2 

TT 



Cylinder in Axial Compression 

When only axial stress is present, equation (Ao) 
becomes 


DV®w + 


Et o^-w , o 2 v» _ 

+ G x t 0 

2 v h x 
r^ oxb- 


6x 2 


(B7) 


Division by D results, with proper substitutions, in 
the following equation: 
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V 8 w + 12Z2 A. + kx n£ 6 fs = 0 (B 8 ) 

L^- dx^- L 2 ^x^ 

Combination of the deflection equation (B3) with equa- 
tion (B8) yields the following equation* 

(„2 + - k^2 (m S + B 8 ) 2 =0 (B9) 

The solution of equation (B9) for k x is 

_ (m2 + p2) 2 + I 2 Ai 2 

^ ' m 2 A (m 2 + 

The critical value of k x for a given value of Z 
may be found by minimizing k x with respect to the 
parameter 

(m^ + p ^) 2 


If no restrictions are placed on the value that this 
parameter can take, the minimum value of k x is found 

to be 


k x = z = 0.702Z (BIO) 

TT 2 

which coincides with the results generally given for the 
buckling of long cylinders. 
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For values of Z below 2.8 Bj however, the straight- 
line .formula ( equation (BIO ) ) cannot be used, since it 
implies either imaginary values of the circumferential 
wave length \ or the number of axial half waves m 
belov; unity. The critical stress coefficient k x for 

Z < 2.85 is found by substituting the limiting values 
p — 0 and m — 1 in equation (B9)- The results are 
shown in figure 3 . 


Cylinder under Hydrostatic Pressure 

Hydrostatic pressure applied to a closed cylinder 
produces the following axial and circumferential stresses: 


pr 

o - £- 
x 2 t 


CT 

y 


pr 

t 


The equation of equilibrium (equation (A 6 )) when both 
circumferential and axial stress are present is (since 

V^p = 0) 


D7 8 w + ££ + k d£w cfw 

r 2 dxk x dx 2 V dv 2 


= 0 (Bll) 


By use of the definition 


, _ prI/~ 

'p p 

DTT^ 


equation (Bll) can be written 

V<\ + 12 2 2 it? 

lb dx‘ 


+ C„ — ( I bil + = 


b ^ i/* ox^ dy 2 


0 


( B 12 ) 
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If the deflection equation (equation (B3)) is combined 
with equation (B12), the following expression results 
for. Cpt 

_ (m2 * |3 2 ) 2 + IZzAvA (B13 

P tA (m2 ♦ p2) 2 ♦ P 2 ) 

The critical value of C p is found by minimizing the 

right-hand side of equation (B13) with respect to m 
and (3, with due regard to the values which m and (3 
may assume. It can be shown that the iainimum value of C p 
is found by taking m equal to 1 , so that equation (B13) 
becomes 


_ (1 + p 2 ) 2 + 

P " I + p 2 rA (l+ p 2 ) 2 + P 2 j 


(B14) 


Equation (Bllq) is equivalent to an equation derived by 
von Mises (reference lq, p. lq -79 ) * results of mini- 

mizing C v with respect to (3 are shown in figur e Iq. 

p I 2 

(The curves given for various values of ~ yl - p have 

the same significance as in the case of a cylinder 
buckling under lateral pressure alone.) 


Long Curved Strip in Axial Compression 

Because it merely describes equilibrium at a point, 
equation (Bl) applies to the buckling of a long curved 
strip as well as to cylinder buckling. In modifying this 
equation to obtain non dimensional coefficients as in 
equation (B2), however, it is convenient to define k x 
and Z in terms of the width of the strip b rather, 
than in terms of the axial length L, which applied in 
the case of the cylinder. Accordingly, equations (Bl) 
and (B2) for a cylinder in axial compression may be 
applied also to the buckling of a curved strip, long in 
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the axial direction, subjected to axial compression, pro- 
vided tne curved width b is everywhere substituted for 
the axial length L. Substitution of the deflection 


w 


sin 


TTX 


\ 


sin 


nfy 

b 


into equation (B2) (modified by substitution of b 
for L) gives 


= 


0 




+ 


,2 >2 

P J 


122 


2 r<2 


3 2 


rA (n^ 


+ a 


2)2 


(B16) 


where 


P = 


b 

\ 


Equation ( B1 5 ) is very similar to equation (B 5) and 
each equation yields the same critical value for k x at 

large values of Z. At small values of Z, the minimum 
value of k x is found by taking n = 1 in equation (B15) 
and minimizing with respect to (3 the resulting expres- 
sion for k x . The results are given in figure 10 together 
with results found by Leggett (reference 9)* 
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APPENDIX C 
PARAMETERS 


It is shown tha^ Donnell's equation implies that 
under certain limitations the buckling coefficient k, 
familiar from flat-plate theory, can be expressed in 
terms of the curvature parameter Z alone in the case 
of a complete cylinder or a curved rectangular panel of 
given length-width ratio. 

Donnell's equation (A6) is (when p is constant or 

zero ) 



Multiplication of equation (Cl) by b& and substitution 
of the dimensionless coordinates £ and p gives 
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D?A + EtbJ; A + b 2 t , 4. 


r i.‘t 


f d 2 'Jv , 


\ bg* ^ ^ 


_ d 6 2 w’ 

2T + °y^ 


Division by D results in 


A vk( hh + 2r 
0 Dr-2 6£4 D 0 V X 6 £ 2 


6^w d 2 w i 

+c„ — r\ = C 


bg dD 7 8r) 2 


or, since D = 


Et? 

12(1 - u.2) 



k 


s 


t tb£ 

Dtr^ 


k 


y 


c„tb 2 
L 

Dtt 2 


0 


(C2) 


Even without solving this equation it is clear that w 
must be a function of the independent variables S, and r). 
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and also the parameters Z, k x , k g , and k y , and the 
derivatives of w will be functions of the same variables 
and parameters. Thu 3 , if only one type of loading 
(represented by the buckling coef ficient k) is present, 
equation (C2) may be written 


ri, z, 


k) + 12Z ? f 2 (£,, T)> Z, k) + tr^kf ^ , p. 


Z, k) = 0 


(C 3 ) 


where f^, f 2 , and fj are definite, though unknown, 

functions. The variables £ and p may now be 'eliminated 
by integration of both sides of this equation over the 
entire range of £ and p . In the case of a curved panel 
of circumferential dimension a and axial dimension b 
the resulting equation is 


PI 


na 

b 




Jo JO 


dp [fi(§, p, Z, k) + 12z 2 f 2 (£, p, Z, k) 


+ tr 2 k t 3 (l, p, Z, k)] = 0 


(Cip) 


The integrals of the functions f^, f 2 , and f^ 

depend only upon Z, k, and the /alue of the ratio a/b . 
Accordingly, equation ( 64 ) implies that a relationship of 
the following type exists: 


4 



(05) 


Equation (C5) indicates that for any given value of the 
panel aspect ratio a/b, the critical-stress coeffi- 
cient k depends only upon Z. 

If a complete cylinder of length L rather than a 
panel of length b is under consideration, and the 
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deflection w is periodic with wave length 2\ in the 
circumferential coordinate, the integration 




0 


dr) 


appearing in equation ( Cl+. ) may he replaced by 


Ft 


uo 


dp 


where c, and p are now defined as x/l and y/L, 
respectively. The result then becomes 


or 



The actual buckling stress is found by minimizing k with 
respect to 2\/ L. 

Theoretically, \ must satisfy the equation 


rrr = n\ 


(C7) 


where n is the number of circumferential waves and 
therefore an integer. When many circumferential waves 
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are present, however, this restriction does not signifi- 
cantly affect the buckling stress, and the minimization 

°x, 

of k with respect to — (considered continuously 

b 

variable) leads to the result 


k-= f ? (Z) 


(c8) 


Equation (C 8 ) indicates that provided the number of circum- 
ferential waves is net too small the critical-stress coef- 
ficient for a cylinder depends for practical pur-poses only 
upon the curvature parameter Z. 

When n is so small that its integral character must 
be taken into account, it appears from equations (c6) 
and ( C7 ) that k depends upon both Z and r/L. Since, 
however. 



k for small values of n can alternatively be expressed 

in terms of .Z and ^ \jl - pv, as in figures 1, ip, 
and 7 • 


By a similar analysis, it can be shown that when the 
buckling of a C 7 /linder under hydrostatic pressure is 
represented by clotting the pressure coefficient C p 

against Z, a single curve is obtained except where the 
small number of circumf erential waves requires splitting 
the curve into a series of curves for- different values 

of | \fl~- p 2 . 
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APPENDIX D 

BOUNDARY CONDITIONS ON EDGE DISPLACEMENTS 
WITHIN THE MEDIAN SURFACE 


The solution of Donnell's eighth-order partial dif- 
ferential equation for the ^stability of cylindrical shells 
is not unique under the imposition of the ordinary boundary 
conditions for simply supported or clamped edges. Two 
more boundary conditions at each edge, for example, one 
condition for u and one for v, are required to define 
completely the physical problem and are therefore needed 
to make the solution unique. Because only w appears in 
the equation, boundary conditions on u and v cannot 
be imposed directly; they may, however, be implied by the 
method of solution. The purpose of this appendix is to 
3how what boundary conditions on u and v are implied 
by the method of solution used in the present paper. In 
order to simplify the discussion, the analysis will first 
be made for the case when only axial compression is 
present and will then be extended to other cases. 

When only axial stress is present, Donnell's equa- 
tion (equation ( a 6 ) ) becomes 


DV^w 


Et 

J2. 


1 ^rW 

JT 


a x tv 


h b 2 ' 


w 


0 


If the shell described by this equation is a curved panel 
with the origin of coordinates in one corner of the panel, 
a solution satisfying the usual boundary conditions for 
simple support is 


w 


"O 


sin 


mux 

a 


sin 


ntry 

b 


(Dl) 


where m and n are integers. This solution is also 
the solution to the problem of the buckling of an infinite 
two-dimensional array of oanels identical to the one under 
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consideration. (See fig. 12.) When such an array buckles, 
che displacements u, v, and w as well as the stresses, 
described by the stress function F, may be presumed to 
be periodic over the interval 2a in the axial direction 
and 2b in the circumferential direction. 

Any function u(x, y) that is periodic with a wave 
length 2a in the x- direction and with a wave length 2b 
in the y-direction may be expanded as follows (see, for 
example, reference 20) : 


CO 



m=l 



^n 


sin 


mTrx 

a 



CO co 



m=l n-0 


sin 


mTTX 

a 


nny 

cos — 
b 



m=0 n=l 


cos 


mTrx 


sin 


nrry 

b 


CO CO 



m=0 n=0 


^n 


mirx 
cos 

a 


cos 


nrry 

b 


(D2) 


The relationship which must exist between u and w is 
( equation ( A7 ) ) 
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Substi tution into this equation of the expressions for u 
and w from equations ( D2) and (Dl), respectively, and 
use of the orthogonality of the functions in equation (D2) 
leads to the result 



Accordingly, the boundary conditions on u are 


u(x, 0) = 0 (D3) 

u ( x , b ) = 0 ( Dll ) 

— ( 0 , y) = 0 (D5) 

OX 

7 ^ (a, y) = 0 ( D 6 ) 

ox 


Similarly by use of equation (a 8 ) instead of equa- 
tion (A?) it can be shown that the boundary conditions 
on v are 


o 

II 

o 

(D7) 

v(a, y) = 0 

(D0) 

1 ? 

o 

II 

o 

(39) 

oy 


— (x, b) = 0 

(DIO) 

6y 



NACA TN No. I3I1.I 


35 


The boundary conditions of equations ( D5 ) > (D6), 
(D9), and (DIO) may be combined to give four boundary 
conditions on the stresses induced by buckling. These 
boundary conditions, which are also derivable from equa- 
tion ( A J [ ) by a method analogous to that just used to 
derive the conditions relating to u, are 

d 2 F 

(0, y) 

6y 2 

= 0 

(DU) 

d 2 ? . . 

— (a, y) 

dy 

= 0 

(D12) 

6 2 F . n . 

— - U, o) 

6x 2 

= 0 

(D13) 

d 2 F 

<*■ » 

ox 

= 0 

(Dili) 


where 

surface 


d 2 F 

Sy 2 


and 


axial and 


^2p 

:=: — - are, respectively 
6x 2 

circumferential stres 


f 


the median- 
es caused by 


buckling. The eight boundary conditions given by equa- 
tions (D3), ( Dlj.) , (07), ( D8), and equations (Dll) to (Dili) 
plu3 the eight boundary conditions on w for simple 
support of the four panel edges taken together uniquely 


determine the buckling stress. 


) 


Although the preceding discussion of boundary condi- 
tions started with the assumption of axial stress only, 
the only use made of this assumption was in obtaining 
equation (Dl) as the solution for the buckling deformation. 
The same deformation, and hence the same arguments, apply 
when circumferential stress is present. When shear is 
present, a series of terms of the type in equation (Dl) 
must be used to represent the deflection surface, and 
hence series of terms occur in the expressions for u, 
v, and F. Since the boundary conditions derived in 
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the preceding analysis apply to each of the terms indi- 
vidually, by the principle of superposition they must also 
apply for the sum, so that equations (Dll) to (DlJq) 
represent the boundary condition no matter what the 
applied stresses are. 

In summary it may be stated that the substitution 
of one or more terms of a double-sine-series expansion 
for w into Donnell's equation and solution of the 
resulting equation for the buckling stress gives the 
solution corresponding to the following boundary condi- 
tions: 

(1) Each edge of the panel (or cylinder) is simply 
supported; that is, the displacement normal to the sur- 
face of the panel and the applied moments are zero at 
the edges. 

(2) Motion parallel to each edge during buckling is 
prevented entirely. 

( 3 ) Motion normal to each edge in the plane of the 
sheet occurs freely. 



FACA TN Ho. IjLil 


37 


REFERENCES 


1. Batdorf, S. B.: A Simplified Method of Elastic 

Stability Analysis for Thin Cylindrical Shells. 

II - Modified Equilibrium Equation. NACA TN 
No. 13 ) 1.2 . 1947 . 

2. Prescott, John: Applied Elasticity. Longmans, 

Green and Co., 1924, 

3. Fliigge, W.: Statik und Dynamik der Schalen. Julius 

Springer (Berlin), 1934. 

4. Timoshenko, S.: Theory of Elastic Stability. McGraw- 

Hill Book Co., Inc., 1936. 

5. Donnell, L. H.: Stability of Thin-Walled Tubes under 

Torsion. NACA Rep. No. 479, 1933. 

6 . Sturm, Rolland G.: A Study of the Collapsing Pres- 

sure of Thin -Walled Cylinders. Eng. Exp. Sta. 

Bull. No. 329, Uni v . Ill,, 1941. 

7. Kromm, A.: The Limit of Stability of a Curved Plate 

Strip under Shear and Axial Stresses. NACA TM 
No. 898 , 1939. 

8 . Leggett, D. M.-A.j The Elastic Stability of a Long 

and Slightly Bent Rectangular Plate under Uniform 
Shear. Proc , Roy. Soc . (London), ser. A, vol. 162, 
no. 908, Sept. 1, 1937, PP. 62 - 83 . 

9. Leggett, D. M. A.: The Buckling of a Long Curved 

Panel under Axial Compression. R & M, No. 1899, 
British A. R.C., 1942. 

10. Redshaw, S. C.: The Elastic Stability of a Curved 

Plate under Axial Thrusts. Jour. R.A.S., vol. XIII, 
no. 330, June 1938 , pp. 536-553. 

11. Lundquist, Eugene E.: Strength Tests of Thin-Walled 

Duralumin Cylinders in Compression. NACA Rep. 

No. 473, 1933. 

12. Batdorf, S. B., Schildcrout, Murry, and Stein, Manuel: 

Critical Stress of Thin-Walled Cylinders in Axial 
Compression. NACA TN No. I 3 I 4.3 , 1947. 



38 


NACA TN No. I3U1 


13. Batdorf, S, B., Stein, Manuel, and Libove, Charles: 

Critical Combinations of Longitudinal and Trans- 
verse Direct Stress for an Infinitely Long Flat 
Plate with Edges Elastically Restrained against 
Rotation. NACA ARR No. L6A05a, 1946. 

14. Windenberg, Dwight F., and Trilling, Charles: 

Collapse by Instability of Thin Cylindrical 
Shells under External Pressure. Trans, A.S.M.E., 
APM-56-20, vol. 56 , no. 11, Nov. 1934, pp. 819-825. 

15. Batdorf, S. B., Stein, Manuel, and Schildcrout, 

Murry: Critical Stress of Thin-Walled Cylinders 

in Torsion. NACA TN No. ljl^' , 1947. 

16. Stowell, Elbridge Z.: Critical Shear Stress of an 

Infinitely Long Flat Plate with Equal Elastic 
Restraints against Rotation along the Parallel 
Edges. NACA ARR No. 3K12, 1943. 

17. Moore, R. L., and Wescoat, C.: Torsion Tests of 

Stiffened Circular Cylinders. NACA ARR No. 4E31, 
1.944. . 

18. Bridget, F. J., Jerome, C. C., and Vosseller, A. B.: 

Some New Experiments on Buckling of Thin-Wall 
Construction. Trans. A.S.M.E., APM- 56 - 6 , vol. 56 , 
no. 8 , Aug. 1934, pp. 569-578. 

19. Leggett, D. M. A.: The Initial Buckling of Slightly 

Curved Panels under Combined Shear and Compression. 
R. & M. No. 1972, British A.R.C., 1943. 

20. Courant, R., and Hilbert, D.: Methoden der 

Mathematischen Physik. Vol. I. Julius Springer 
(Berlin), 1931, p. 62 . 




Figure 1.- Critical circumferential-stress coefficients for 
cylinders with simply supported edges. 
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Figure 2.- Comparison of present solution for critical 

ci rcumf eren ti al- s t res s coefficients for simply supported 
cylinders with other theoretical solutions and with test 
results. (Timoshenko's solution is from reference 4 and 
Sturm's solution is from reference 6.) 





simply supported edges. 
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Figure 4.- Theoretical solution for hydrostatic pressure under 
which simply supported cylinders buckle. 





Figure 5.- Comparison of solution for buckling of simply supported 
cylinders under hydrostatic pressure with solutions for buckling 
under axial pressure alone and lateral pressure alone. 
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Figure 6.- Comparison of present solution for buckling of simply 
supported cylinders under hydrostatic pressure with other 
theoretical solutions and test results. (Sturm s solution is 
from reference 6 and Windenburg and Trilling's solution is from 
reference 14. ) 
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Figure 7.- Critical shear-stress coefficients for simply supported 

cylinders subjected to torsion. 



Fig. 8 


NACA TN No. 1341 



cd 

G *v 
G <D <m 
£d E rH 
(U -H CD 
41 It (U * 


CD (U U P 



o. a cd 



» — < 


a> o 

XJ 


cd 

cd 

g a 

C 


a 


<D CD 

cd 


•H 

x: 

Cm <d 





a> ^ 



•M 

-H 

G 

a) 


G 


Xi 

e 


O 


G G 

o 



G 

o aJ 

G 


Li 

o 

G 

QJ 


O 

-M 

Cm <D 



<M 

CO 

G 




G 

CO o 


— 

c 

o 

-H O 

X 

. 

o 

G> 


CD 

00 

•H 


c 

bo t — < 

G> 

G 

O -V 

xJ 


3 

M 

«H 40 

•H 

CD 

r— 1 


X 

G 

a 

O 

CO 

3 CD 

PQ 

G 

CO 

G 

< — C CJ 


(D 


CD 

O G 

XJ 

G 

1 — 1 

XJ 

cd a> 

G 

CD 

cd 

G 

G 

cd 

Cm 

a 

•H 

CO CD 


CD 

•H 

i — 1 

► Cm 

** 

G 

X 

^ 0J 

O- 


CD 

o 

CO G 

r — 1 

e 

g 




o 

o 

x) 

3 E 

a; 

G 

0) 

CD 

cr o 

o 

Cm 

jG 

G> 

X> G 

G 


G> 

G 

G cm 

a; 

CO 


O 

3 

G 

•H 

Cm 

Cu X) CO 

CD 


O 

(X 

~ — ■ -«H 

Cm 

G 


3 


<D 

O 

c 

CO 

• G 

G 

*H 

o 


CD O 


X 

CO 

>> 

<D M 

E 

3 

■H 

r-H 

CO 4-> 

o 

*■ — 1 

G 

X 

co 3 

G 

O 

cd 

e 

<D r-H 

cm 

CO 

iX 

•H 

G O 



e 

CO 

X CO 

CO 

CD 

o 


CO 

•H 

_ 

o 

Xi 

CD 


G 


O 

(D - 

C 

CD 

1 


X rH 

o 

r-H 

• 

CO 

cd < — I 

•H 

* — 1 

00 

CO 

G CD 

X 

CD 


<L> • 

H C 

3 

CD 

a; 

G 

x G . 

r — C 

CO 

G ■ 

M f 

-1 O 

o 

o 

3 

CO 

3 Q 

CO 

> 


bo 

■H 

C 3 l 






NACA TN No. 1341 


Fig. 10 



Figure 10.- Comparison of the present solution for the buckling 
under axial compression of a curved strip infinitively long in 
the axial direction with solution found by Leggett (reference 9) 
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Figure 11.- Comparison of theoretical solutions for the buckling under 
shearing stresses of a curved strip infinitely long in the axial 
direction. (Leggett's solution is from reference 8 and Kromm's 
solution is from reference 7.) 





